Following close parallelism to the electrodynamics, the decomposition of the Yang-Mills Field is performed in the gauge invariant way. Thus, it is easily seen that gauge independent parts are transverse vector fields which are subjected to quantization. Elimination of redundant variables from the Hamiltonian is also performed by a unitary transformation. Essential difference from the arguments of Schwinger and Arnowitt-Fickler 5 ) is clarified throughout this note. § 1. Introduction
In recent years, some authors have discussed an interesting idea in which some vector mesons are introduced as gauge vector bosons 1 ) such as the Yang-Mills field 2 ) though they are massive. In the case of the Abelian gauge group, it is possible to introduce a massive neutral vector meson as a gauge vector field 4 ) by employing the Stueckelberg 3 ) formalism. However, because of non-linearity of the non-Abelian gauge group, the possibility of developing the consistent formulation of massive gauge field is not obvious in this case. Before going into such generalizations, we have to study the usual non-Abelian gauge fields in more detail.
Although the quantization of the non-Abelian gauge fields has recently been performed by the method of the Schwinger action principle, 5 ) it is also possible to employ the canonical formalism based on the theory of invariant variation, 6 ) because the Lagrangian formalism 7 ) has ·been developed exhaustively. Though the difficulty of the non-Abelian gauge fields is similar to that of the electrodynamics, the situation is more complicated owing to the fact that the field itself carries the charge and, therefore, acts as its own source. Thus, the field equation is basically non-linear and, in this respect, the non-Abelian gauge field theory is different from the electrodynamics and similar to, but, of course, simpler than the gravitational theory. Since the non-linearity of the non-Abelian gauge fielp is much simpler than that of gravitational field, it will be possible to study in more detail and to make clear the situation· which is caused by the self-interaction. Therefore, the precise investigation and examination of the non-Abelian gauge fields may be suggestive to the development of the quantum theory of the gravitational field.
T. Goto
Since the general theory in the canonical formalism has been discussed separately , 8 ) we will consider the Yang-Mills field as an example and focus our attention on the separation of true dynamical variables and redundant variables which are unphysical in some sense. Since we have redundant variables and some constraint in the gauge invariant theory such as a longitudinal wave and the Lorentz condition in the electrodynamics, we often find superficial difficulties and confusions. (For examples, the impossibility of normalizing the physical states which satisfy the Lorentz condition, the contradiction between the Lorentz condition and the commutation relation of field potentials, etc.) In the electrodynamics, however, the situations have been made completely clear and, moreover, we have fortunately the Coulomb or radiation gauge formulation where no redundant variables· and constraints appear and only the true dynamical variables, i.e. transverse waves, come into play. Further, It has been exhaustively investigated that the formulation in the radiation gauge and that in the Lorentz gauge are equivalent and it is possible to transform from one to another by a suitable unitary transformation. Therefore, it is quite clear that only two independent components, i. e. transverse waves, are essentially quantized though the other two give important effects such as the Coulomb potential between charges.
Since the Lorentz invariance of the electrodynamics is easily seen in the Lorentz gauge formulation, it is also confirmed in the radiation gauge formulation even though such a formulation is usually made ·in the special Lorentz frame ..
However, in the non-Abelian gauge field, the formulation in the radiation gauge and the investigation of the relation among different gauges are not satisfactory. Though Schwinger discussed the radiation gauge in some detail, it seems that their discussion does not make clear the gauge independent character of the radiation gauge. First of all, in order to separate true dynamical variables, they decomposed vector potentials simply into longitudinal and transverse components in just the same way as in the electrodynamics. However, such a decomposition is not suitable in the non-Abelian gauge field, because by a gauge transformation the longitudinal and transverse parts are mixed together in contrast to the Abelian case where transverse components are not influenced by any gauge transformation. For example, this decomposition is especially inconvenient in studying the relation between the radiation and the Lorentz gauge formulations.5C) Therefore, the gauge invariant decomposition of the vector potentials -is an important point of our discussion. Such a decomposition will be stuaied in §3; the reader can easily see that the decomposition discussed in §3 is possible and useful in more general cases (undoubtedly in the case o~ compact unitary groups and probably m the case of non-compact Lorentz group, that is, the gravitational field).*) We *) Since we can see that the gravitational field is a kind of gauge field, 7 ) we may hope that our procedure is also useful in this case.
will devote §4 to the corresponding decomposition of the canonical momenta and discuss the consistency of this decomposition. However, the decomposition is possible only in a. formal way and the complete examination of the consistency is very complicated because of non-linearity of the field. In §5, .we will show that the reduced Hamiltonian where all redundant variables are eliminated can be derived by a unitary transformation.
§2. The canonical formalism of the Yang-Mills field
Since the canonical formalism of gauge fields and their general characters are investigated separately , 8 ) we will here · look upon the canonical formalism of the Yang-Mills Field briefly.
The Lagrangian which is manifestly invariant under the isotopic gauge transformation is given as· follows:
where (2·2) and J: is an isotopic spin current of matter system.
rcZ canonically conjugate to M are given by
:
As in the case of the electrodynamics, the canonical momenta rc~ (conjugate to b~) cannot be well defined because of the absence of the time derivative of b~ in the Lagrangian. Following the general prescription in these cases,7).s) we introduce rcrs quite independently and put rc~~o as constraints. Then, the Hamiltonian of our system becomes the following: *) 
and also
Since we have the constraint
it IS also required that the time derivative of (2 ·10) should be zero, that is,
Because of the Eq. (2 · 9), we have no other independent constraint than (2 ·10) and (2 ·11). The consistency between the constraints (2 ·10) and (2 ·11) can be examined explicitly by means of the canonical commutation relations. In · fact, we have the following commutation relations:
and
we rewrite the constraints (2 ·10) and (2 ·12) as follm~s: 
and we have the following relations:
The operators pa's are the generators of the isotopic gauge transformations for matter fields and therefore iso-spin density operators. On the other hand, the La(x)'s are the generators of the gauge transformation for the gauge vector fields bZ (k = 1, 2, 3 only). That is, under the infinitesimal gauge transformation, variation of bZ and nZ is given by
§3. The decomposition of the vector potentials bZ (2 ·15) .
For the sake of invariance under the isotopic gauge transformations, the gauge vector fields b: cannot be determined uniquely. However, the variant parts under the gauge transformations do not affect physical situations and we hope that they can be eliminated by the constraints (2 ·10) and-(2 ·11). Actually, the constraint (2 ·10) means that the physical state functionals are independent of b~(x).
In the case of Abelian gauge group such as the electrodynamics, the longitudinal component of the vector potential is not a physically meaningful independent variable and can be eliminated by means of the constraint which is similar to, but simpler than (2 ·11). In the Coulomb or radiation gauge, all dynamical variables in the Hamiltonian are gauge independent and we have no constraint. In the familiar case of Abelian gauge group, decomposition of the vector potential to gauge variant and gauge independent parts can easily be performed and such a decomposition corresponds to the decomposition of a vector field to longitudinal and transverse components.
However, in the non-Abelian case, such a simple decomposition is not suitable, because longitudinal and transverse components are mixed by a nonAbelian gauge transformations and, therefore, the decomposition is not gaugeindependent. To get a clue to our problem and also to see the generality of our procedure which will be developed in this section, let us begin with looking back the case of the electrodynamics. In this case, the vector potential Ak is decomposed uniquely as follows:
where (3·2) and the gauge transformation IS such as follows:
From this fact, we can easily see that the transverse component Bk is not affected by the transformation and the scalar function A is transformed additively as follows:
Therefore, the generator of the gauge transformation is just the canonically conjugate momentum nA of A; that is, 
where sab is an orthogonal matrix of three-dimensional Euclidean space (i.e. iso-space) . Now, corresponding to ( 3 · 1) , let us put
Then the gauge transformation (3 · 6) reads as follows: 
and, therefore, if Ba., k = 0, then f~t=O.
(3 ·10)
It IS also easily seen that the general solution of Eq. (3 ·10) can be given by
This is quite analogous to the case of the electrodynamics where the. vector potential to give zero magnetic field is a gradient of a scalar function; i.e.
Ak=akA.
Since, under the isotopic gauge transformation, n~'s transform as a true isovector, n~ should be represented by (3 ·12) where Ti:a., k is independent of the gauge transformation. Since the isotopic gauge As has been seen in the previous sections, the canonical momenta n: can be expressed by (3 ·I2) where the if:a.,k are not influenced by the gauge transformations. Firstly, from 1ta.,k, we separate (f)a.,k which is the transverse momentum conjugate to Ba.,k.
*) The definition of Euler angles is the following: of laboratory and body-fixed frame respectively. Therefore, the isotopic gauge invariance is quite analogous to the conservation of angular momentum in the rigid body rotations. On the contrary to the La(x)'s, we have no invariance under the transformations generated by La(x) and this corresponds to the case of asymmetric top where a projection to body-axis of angular momentum is not conserved.
That Is, we write as follows:
where and
Then, from (2·13) La(x)'s are given in terms of new variables (f)a,k's, Pa,/s, Ba,/s and C~'s as follows:
It is worthwhile to note that UeasrBs. k(/) 1 , k is a kind of an Isospin density of the transverse part of the gauge. field. Now, let us assume tentatively Pa,k(x) be purely longitudinal; I.e. 
where Kas is a kernel which satisfies (4·7)
T. Goto
The integral form of the Eq. ( 4 · 7) Is the following:
By making use of the explicit representation ( 4 · 6) for A a., the integral equation ( 4 · 8) for the kernel Ka.a and the commutation relations ( 4 · 2), we can obtain the following commutation relations:
as Is expected. However, since the operator
is not hermitian, we cannot identify II~(x)'s with n~(x)'s though they give the commutation relations ( 4 · 9). To obtain hermitian operators which give the correct commutation relations (4·9), we add to the n~(x)'s the following term:
where Aa. and 'o/a.,k are functionals of Ba.,k only and
Therefore, this term is commutable with Ba.,k and C~. Then, in the same way as before, we obtain that and, hence
Because of hermiticity of II~(x)+C~(8k.Aa.+'o/a..k), we have the following condition:
As is shown in Appendices II and III, we. have the following relations: The consistency between the relations ( 4 ·15) and ( 4 ·12) is easily seen from explicit expressions for Ga,,.(x) and Fa(x) (see Appendix III). Though we can determine the anti-hermitian part .of ~a,k and Aa from ( 4 ·15) and ( 4 ·12), their hermitian parts are left undetermined. They will be determined by the commutation relation
the examination of which is very complicated and is not discussed in this paper. Now, we are ready to discuss the elimination of redundant variables. As in the case of the electrodynamics, we hope that by using a suitable unitary transformation the constraint (2 ·11) should be transformed effectively· to the following form: This transformation is performed by
Actually, usmg the above transformation U. we have
and, therefore, the constraints (2 ·11) become (5 · 2). The Hamiltonian of a matter field,*) now becomes the following:
The expressiOn ( 4 · 6) for A a changes only through the change of Ra. Ra 1s transformed as follows:
Since the constraint (5 · 2) is equivalent to (5 ·7)
the Hamiltonian for the gauge vector field *) Here, we take a nucleon field as a simple example. However, the situation is not essentially different in general.
(5 ·8) where we put La~O. It is not difficult to see that the second term of (5 · 8) give~ a Coulomb potential between isospin charges in the lowest order of perturbation series. §6. Concluding remarks Finally, we would like to discuss briefly some problems which is left untouch~d in this paper. First of all, our procedure of the canonical quantization is not manifestly covariant under Lorentz transformations. However, if we take Lorentz gauge formalism 8 ) it is not difficult ·to show that the theory is . Lorentz invariant. 6 )
Moreover, we can show the equivalence of the Lorentz gauge and radiation gauge formalism. Therefore, our procedure developed in this paper is Lorentz invariant though it is not manifestly covariant. However, it is an interesting problem to develop a manifestly gauge invariant and Loren~z invariant formulation.
As has been done in the case of Abelian gauge field, it will be possible to introduce massive non-Abelian gauge vector fields by following the generalization of the Stueckelberg formalism. Such a for~ulation is now under consideration and will be discussed separately. However, we notice the point that if we introduce three scalar fields it is possible to construct a three-dimensional orthoguqal matrix D which also depends on space-time point. As has been discussed in §3, assuming that a gauge transformation S induces also D~SD, [b~-sahc (Dafl.Dr) be] 2 is invariant under such transformations. This can be employed in the massive gauge field.
, Finally, we have to mentio~ the well-known difficulty ·of the impossibility of normalizing the states which obey the constraints. Certainly, as in the Abelian gauge field, in our case the norms of the states which obey the constraints (2 ·10) and (2 ·11) cannot be defined. However, as Schwinger and also Kalz 10 ) discussed recently, it is possible to overcome this difficulty by making use of the prescription that if we calculate matrix elements of physical operators or normalize the physical states, some of variables (i.e. group parameters) should
be left not integrated. In our case, group parameters 10 ) are obvious, Using (III· 4), ( 4 ·15b) and ( 4 ·12), we can easily prove the relation ( 4 ·15a).
